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A ZERO-ONE LAW FOR RECURRENCE AND TRANSIENCE OF 

FROG PROCESSES 


ELENA KOSYGINA AND MARTIN P.W. ZERNER 

Abstract. We provide sufficient conditions for the validity of a dichotomy, i.e. 
zero-one law, between recurrence and transience of general frog models. In partic¬ 
ular, the results cover frog models with i.i.d. numbers of frogs per site where the 
frog dynamics are given by quasi-transitive Markov chains or by random walks 
in a common random environment including super-critical percolation clusters 
on . We also give a sufficient and almost sharp condition for recurrence of 
uniformly elliptic frog processes on Its proof uses the general zero-one law. 


1. Introduction 

Frog models are interacting particle systems which loosely can be described as 
follows. The system starts with a set of inactive particles located at points of a 
countably inhnite state space. At time 0 all particles at a certain initial site get 
activated. Each active particle moves from site to site of the state space; when it 
visits a site containing inactive particles, it wakes them all up. The newly activated 
particles start moving in a similar fashion. 

The hrst results for this type of model (under the name “egg model”) were pub¬ 
lished in 1999, [TW99, Section 2.4]. The vivid term “frog model”, where each 
particle is called a frog, was coined by R. Durrett ([Pop03, p. 278]) and became 
standard. For a review of some frog models and results up to 2003 see [Pop03]. 
Since then, a number of papers have appeared concerning recurrence and tran¬ 
sience of frog models, see [GS09], [DP14], [HJJ14], [HJJ15]. For other aspects and 
generalizations of the model we refer to [LMP05], [KS08], [HW15], [GNR15], and 
the references therein. 

The current paper addresses zero-one laws for recurrence and transience of frog 
models in a very general setting. A site is said to be recurrent (for a precise 
formulation see Dehnition 7) if activating all frogs at this site causes this site to 
be visited by inhnitely many frogs originating at distinct sites. Otherwise it is said 
to be transient. Note that according to our dehnition sites without sleeping frogs, 
i.e. inactive particles, are transient. In the study of recurrence (resp. transience) 
of the frog model one often constructs an event on which a given site is recurrent 
(resp. transient) with positive probability. A zero-one law allows one to immediately 
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conclude that a site is then recurrent (resp. transient) with probability 1, and that, 
moreover, under natural conditions, all sites are recurrent (resp. transient) with 
probability 1. The proof of Theorem 5 below illustrates such an approach. For 
recent results about zero-one laws for frog models and their applications we refer 
to [GS09], [HJJ14], [HJJ15]. 

We hope that our general result Theorem 13 covers a sufficiently wide range of 
frog models to be useful.^ Moreover, in spite of somewhat bulky notation caused 
by generality, the idea of the proof is simple. 

To illustrate the range of applicability of our main theorem. Theorem 13, we 
present two of its corollaries, see Section 4 for additional examples. Throughout 
we denote by r]{x) the number of frogs which are initially sleeping at site a; of a 
countably inhnite state space V. We let Sj{x,i) be the position after j > 0 steps 
of the i-th frog, i > 1, which was sleeping at site a; G G if it is woken up. In 
particular, So{x,i) = x for all a; G G and i > 1. For the hrst result, recall that a 
stochastic matrix K with state space V is called transitive^ if for any x,y eV there 
is a permutation ip oi V such that p{x) = y and K{Lp{u),ip{v)) = K{u,v) for all 
u,v E V. 

Theorem 1 (Transitive Markov chains). Let the frog trajeetories {Sj{x,i))j>o, 
X E V,i > 1, be Markov ehains with a eommon transitive and irredueible transition 
matrix on a eountably infinite state spaee V. Let the numbers rji^x), x E V, of sleep¬ 
ing frogs be identieally distributed and assume that the guantities ri{x), {Sj{x,i))j>o, 
X E V,i > 1, are independent. Then either with probability 1 every x E V is 
transient or with probability 1 every x E V with rj^x) > 1 is reeurrent. 

Theorem 1, in particular, implies the validity of Conjecture 2 in [GS09, Section 3]. 
Since our setting is slightly different from the one in [GS09], we provide a detailed 
discussion in Appendix A. 

The proof of Theorem 1 is particularly simple in the case considered in [GS09, 
Theorem 2.3], where the frogs perform independent homogeneous nearest-neighbor 
random walks on Z with drift to the right. It goes as follows. At the beginning 
we assign at random to each frog a trajectory which the frog will follow once it 
has been woken up. For x E T, denote by Rx the event that waking up the frogs 
at X, when everybody else is still asleep, results in inhnitely many frogs visiting 
X. Since {ri{x))xez is i.i.d. and the frogs move independently of each other, the 
sequence (iR^)xez is stationary and ergodic with respect to (w.r.t.) the shifts on Z. 
Therefore, this sequence is either a.s. identically equal to 0, in which case P[Rx] = 0 
for all a; G Z, or a.s. = 1 for inhnitely many a; > 1. In the latter case, if we wake 
up the frogs at a site n G Z with r]{v) > 1, then these frogs will a.s. be transient to 
the right and will therefore also visit a site x for which Rx occurs and wake up the 

^However, our results do not cover models where the numbers of frogs per site are inhomoge¬ 
neous such as, for example, in [PopOIj. See also Counterexample 21 below. 

^The notion of transitive Markov chains can be found, e.g., in [WoeOO, p. 13], [LPW09, Section 
2.6.2], [LP, Definition 10.22], and already in [D65, Chapter X, §6]. 
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frogs at X. This will trigger infinitely many frogs to visit x and therefore also v so 
that occurs as well. 

On Z*^, d > 2, or in a more general setting the proof is not that simple since it is 
not obvious that any woken up frog will a.s. hit a site x for which occurs, if there 
are such sites. Since the occurrence of the event may depend on trajectories of 
all frogs, we need to introduce an “extra frog” and use properties of the environment 
viewed from the extra frog to prove that the extra frog hits a site x for which R^ 
occurs. After that, we have to get rid of the extra frog. 

In our second corollary the frogs are not independent under P. We consider 
random walks in a common environment of random conductances, see [Bisll] for a 
survey of this model. Let d>2 and assign to each undirected edge {x, y} between 
nearest neighbors x,?/ G Z'^ a non-negative random variable c({a;,|/}), called the 
conductance of this edge. Let q{x) := 'Yl,y\\y-x\\i=i^i{^iy}) •= 

c{{x,y})/q{x) for nearest neighbors x and y if q{x) ^ 0, k{x,x) = 1 if q{x) = 0, 
and >c{x,y) := 0 in all other cases. Then x is a random stochastic matrix. We 
say that x and y are connected in environment c if there is a nearest neighbor path 
connecting x and y along which all conductances are strictly positive. Let C{x) be 
the (random) cluster consisting of x and all points of V which are connected to x 
in the environment c. Note that due to our dehnition of recurrence only points in 
an inhnite cluster can be recurrent. 

Theorem 2 (Random walks among random conductances). Assume that the 
family (c({a;, i/}))^, is stationary and ergodic w.r.t. the shifts on lA, E[q{0)] < 

oo, and that there is a.s. at most one infinite cluster.^ Given (c({a;, i/}))^;^^ let 
the frog trajectories {Sj{x,i))j> 0 ! x G Z'^, i > 1, be independent nearest-neighbor 
Markov chains with transition matrix x. Let the numbers rji^x), x E V, of sleeping 
frogs be i.i.d. and independent of the conduetanees and the frog trajectories. Then 
either with probability 1 every x E V is transient or with probability 1 every x eV 
with r]{x) > 1 and ifC{x) = oo is reeurrent. 

Remark 3. The recurrence question for a frog model is non-trivial only when 
the individual frogs in Theorem 2 are transient. For example, the simple random 
walk on the inhnite Bernoulli percolation cluster is transient starting with d > 
3 ([GKZ93]). In the case when conductances are i.i.d., the individual frogs in 
Theorem 2 are transient as soon as the simple random walk on the inhnite cluster 
is transient ([PP96]). □ 

Among the hrst results on the frog model was [TW99, Theorem 5], which states 
that the frog process on Z*^ is recurrent regardless of the dimension d if there is 
initially one frog per site and the frogs perform independent simple symmetric 
random walks. Since this hts into the setting of Theorem 2 (with c{{x, y}) = 1 and 
ri{x) = 1) it raises the following question: 


^The last condition is satisfied, for instance, if {'i-c{{x,y})>o)x,y is i.i.d.. 
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Problem 4. Is the model in Theorem 2 always recurrent, i.e. is it always true that 
P[i?o] = P[h(0)>l,#C(0) = oo]? 

Finally, we obtain a sufficient recurrence condition for a large class of models on 
with independent frogs. The proof uses our general zero-one law. Theorem 13. 

Theorem 5. Let d>l and e G (0, l/(2(i)] be fixed. Suppose that the frog trajecto¬ 
ries {Sj{x,i))j>o, X G Ififi > 1, satisfy 

P[Sj+i{x,i) = Sj{x,i) -he | i))o<fc<j] > £ 

for all j > 0 and unit vectors e G Z'^. Let the numbers rj{x), x E V, of sleeping 
frogs be identically distributed and assume that the quantities ri{x), {Sj{x,i))j>o, 
X E V,i > 1, are independent. Then there is a constant Ci which depends only on d 
and e such that if 

(1) ^WO) > 4 > ^ 

for all large t then with probability 1 every x E Tfi with rji^x) > 1 is recurrent. 
For d = 1 the tail condition (1) can be replaced by the weaker moment assumption 
E [log+77(0)] = oo. 

In Proposition 26 below we show that in the case when the frogs have a drift 
away from the origin the condition 

(2) P [(log+r/(0))'^] = oo 

is necessary for recurrence. Since (1) is only slightly stronger than (2), the condition 
(1) is close to being sharp, see also Problem 25. 

Remark 6. In the case when S{x,i) is a nearest neighbor random walk with a 
non-zero drift in the first coordinate direction, recurrence results were previously 
obtained in [GS09] (d = 1) and [DP14] (d > 1). Theorem 2.1 of [DP14] states that 
if 

(3) P[(log+i 7 ( 0 ))^] =oo 

then the frog model is recurrent. It was proved previously in [GS09, Theorem 2.2] 
that for d = 1 the condition (3) is necessary and sufficient for recurrence. Theorem 5 
shows that the frog model can be recurrent even if the expectation in (3) is hnite, 
demonstrating that (3) is not necessary for recurrence when d > 2. □ 

Organization of the paper. In Section 2 we introduce the general frog model 
and state our main result Theorem 13. The proof of this theorem is given in 
Section 3. Section 4 discusses a number of applications of Theorem 13, in particular, 
it contains the proofs of Theorems 1 and 2. Theorem 5 and its partial converse are 
proven in Section 5. Appendix A discusses the above mentioned conjecture from 
[GS09]. Technical results are collected in Appendices B and G. 
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2. The frog model and the main result 
Let be a countably infinite set. A frog configuration (n, s) on V consists of 

• n = {n{x))x£V) where n{x) G Nq := N U {0} represents the number of frogs 
at site X indexed by i = 1, 2,..., n(a;) which can be woken up and will be 
called initial frogs] 

• a collection of paths s = i))j>o,xeu,i>i; where Sj{x,i) G V denotes 

the position of the i-th frog originating at x after j steps. We assume that 
So(a;, i) = x. 

The set of all frog configurations is denoted by F C x \/NoxUxn_ jvjgxt we define 
recurrence of a site u G for a given configuration (n, s) G F. Set Wq (n, s) := {u} 
and define recursively for j > 1, 



6r\Un';”(n,i,) 

A:=0 


3k <j, ye Wf{n, s), l<i< n{y) : 


Sj-k 


{y,i) = X 


and let lT’^(n, s) := \Jj>QWf{n,s). Note that if at time 0 we wake up the initial 
frogs at site v then Wf (n, s) is the set of sites visited at time j for the first time by 
an active frog and W^{n, s) is the set of sites ever visited by an active frog provided 
that n{v) > 1. 

Definition 7. A site v e V is said to he recurrent for a frog configuration 
{n,s) e ¥ if there are infinitely many distinct x G W^{n,s) for which there are 
f G {1,.. ., n{x)} and j > 0 such that Sj{x, i) = v. Otherwise v is called transient 
for (n, s). 

Note that if n{v) = 0 then v by the definition is transient for (n, s). 

Remark 8. There are several possible ways to define recurrence of a site v w.r.t. 
a frog configuration. Our definition appears to be the most restrictive, since we 
take into account only visits by active frogs originating at distinct sites. It might 
seem more natural to count the number of times when v is occupied by any active 
frog. Our choice is based on two reasons: (i) in essentially all cases of interest our 
definition is equivalent to less restrictive ones (see, for example, the discussion in 
Appendix A); (ii) it allows us to consider stopped frog trajectories (see (4)) on the 
same state space without deactivating or removing the “stopped frogs” from the 
system. □ 

We consider random frog configurations. Equip F with its standard a-field. Let 
(hi, iF, P) be a probability space and (? 7 , S) be an F-valued random variable. We 
write 7] = {ri{x))x£V and S = {Sj{x,i))j>o,xGV,i>i, where ri{x) takes values in No 
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and Sj{x,i) in V with So{x,i) = x. For onr main result Theorem 13 we shall need 
several auxiliary random variables^ on namely, 

• Id-valued random variables 0), j > 0,x E V, denoting the position at 
time j of the so-called ea;tra frog starting at site S'o(a;, 0) = x. We denote 
by := {Sj{x,i))j>o^xev,i>o the collection of frog trajectories including 

those of the extra frogs. The random variable [r], S^) takes values in C 
X yf^oxVxNo 

• a family x = {x{x,y))x,yev of [0, l]-valued random variables, called ellip- 
ticity variables, which will provide bounds on transition probabilities (see 
assumption (EL) below). We say that y E V can he reached from x eV ii 
there exist an m > 0 and a sequence [x = Xq, Xi,... ,Xm = y) G 1^™+^ such 
that x{xi-i,Xi) > 0 for all i = 1,...,m. We call x,y E V equivalent w.r.t. 
X ii y can be reached from x and x from y. The equivalence class oi v eV 
w.r.t. X is denoted by C{v) and is called the cluster of v. 

• a family T = (T{x,i))xev,i>i of Nq U {cxD}-valued random variables. We 
think of T{x, i) as the time at which the Tth frog originating at x is stopped. 
However, we do not require T{x,i) to be a stopping time. 

• a family X = of H-valued random variables representing the choice 

of the extra frog which will be used to examine the recurrence/transience of 
the site v. 

For i,j>0 and v eV dehne the a-held 
Xj{v,i) := a(x,T,r],Sm{x,k)-, 

{m,{x,k)) E (^No X {{V X N)\{(n,i)})) U (^{0, ...,j} x {(n,?)})). 

If i > 1 then iFj{v,i) contains all information about x, T, and y, as well as the 
information about the non-extra frogs with the exception of the steps past j of the 
Tth frog at v. Note that if i = 0 then in addition to all information about x, T, y, 
and all non-extra frogs the a-held iFj{v,i) contains the information about the hrst 
j steps of the extra frog at v. 

Next we state several conditions on the distribution of (x, T, X, y, S^) under P. 
Our hrst assumption is a mild ellipticity condition. It relates the non-extra frog 
trajectories and the ellipticity variables. 

X For all v,y E V, i > I, and j > 0, P-a.s. 

^{Sj{v,i),y) <P[Sj+i{v,i) = y\Pj{v,i)] < 

Lemma 9. For v E V let be the event that v is recurrent for {y, S). If (EL) 
holds then P[Rx\{y{v) > 1, #C(n) = cx)}] = 0. 


^In many applications some of these variables are trivial, i.e. C{v) = V, T{v, i) = oo, or Xy = v 
a.s. for &\\ V eV , i>l. But see Theorem 2 and the proofs of Theorem 5 and Theorem 16 where 
at least one set of these extra variables is non-trivially defined and plays an important role. 
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Proof. As already noted after Definition 7, C {r]{v) > 1}. Moreover, by the 
upper bound in (EL), a.s. every point in W'^{r],S) can be reached from v and if 
Ry occurs then, by Dehnition 7, v can be reached from inhnitely many points of 
W'"{ri,S). Hence R^ is a.s. contained in {^C{v) = cxd}. □ 

Definition 10. We say that the frog proeess satisfies the zero-one law for re¬ 
currence and transience if P[Rv] = 0 for all v E V or P[Rv] = P[v{v) > 
1, #C(n) = cxd] for all v eV. 

Remark 11. By Lemma 9 the zero-one law holds iff either for all v E V, P[Rv] = 0 
or for all n G H for which P[ri{v) > 1, ffC{v) = cxd] > 0 we have P[i?„ | rj{v) > 
1, ifC{v) = cxd] = 1. This justihes the name zero-one law. □ 

Our next assumption is the uniqueness of the inhnite cluster. Together with (EL) 
it can be interpreted as an irreducibility assumption. 

(UC) There is P-a.s. at most one inhnite equivalence class w.r.t. x. 

Stopping the frog trajectories S.{x,i) at the respective time T{x,i) we obtain 

(4) S . (*S*j (x, i)) • (>Sj AT(a;,i) ( 2 ^ 0 ) )i> 0 ,xGy,i>l • 

Denote by R^ the event that n G D is recurrent for {ri,S). Obviously, R^ C P„. 
The next assumption has to do with a partial converse. 

(T) For all v eV, P[Rv] > 0 implies P[Rv] > 0. 

Note that (T) is void if T = cx). 

To introduce our somewhat non-standard ergodicity assumption dehne for each 
ip E Sym(l/), i.e. permutation ip of V, the function 6*^ : F —)■ F by 

(5) 9^{n,s) := (^(n((^(a;)))^^^ , ((^-^(sj((^(a;), G F. 

Denote by X the a-held of all A G P for which there is a measurable set B such that 
A = {0^{ri, S) E P} for all ip E Sym(E), where A = C means that P[A A O] = 0. 
Such A is called almost invariant (w.r.t. Sym(D)). Then the ergodicity assumption^ 
reads as follows: 

(ERG) P[A] G {0,1} for all A G X. 

So far the distribution of the extra frogs has not played any role yet. The following 
assumption relates the extra frog and the first frog ai v eV . 

For all n G R the paths (S'j(n, 0))j>o and (>S'j(n, l))j>o 
^ ' are i.i.d. given 1 ). 

Remark 12. Note that (EL), (UC), (T), and (ERG) are conditions on the dis¬ 
tribution of (x, T, ? 7 , S). We claim that one can construct a probability space with 
random variables x, T, 77 and on which (x, T, 77 , S) has the same distribution as in 

®Note that we do not require the distribution of ( 77 , S) to be invariant w.r.t. 9^ for tp G Syni(R). 
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the original model and, in addition, (EX) holds. In this sense (EX) can be assumed 
without loss of generality. We shall prove this claim in Appendix C. □ 

The next assumption is obviously satished in the most common case = v. 

(Xv) For all v E V, and (x, T, rj, S^) are independent and P[X„ = t] > 0. 

Now we state the hnal and crucial assumption. Let o : V ^ V he such that ooo = o. 
We call o{x) the representative of a; G V^ For each a; G E £x some G Sym(E) 
such that 99a;(o(a;)) = x. We call 

(6) Z{x)-= (^(^lR^^(^^)^^^,(x((^a;(|/),<^x(^)))j,,,6V'W(a^)^ 

the environment viewed from the vertex x E V. We assume the existence of equiv¬ 
alent measures under which the environment viewed from the extra frogs always 
looks the same^. 

For each v eV with PyfC{Xy) = cxd] > 0 there is a 
probability measure Py which is equivalent to (i.e. mutually 
^ ^ absolutely continuous with) P[ - \ ffC{Xy) = cxd] such that 

Z (S'j(Xa;,0)) ,j > 0, is identically distributed under P„. 

Our main result is the following. 

Theorem 13 (Zero-one law). Assume (EL), (UC), (T), (ERG), (EX), (Xv), and 
(ID). Then the zero-one law for reeurrenee and transienee holds. 

3. Proof oe Theorem 13 

Lemma 14. Let ip E Sym(E), v E V, and {n,s) E F. Then (p(v) is recurrent for 
(n, s) iffy is recurrent for 6 s). 

Proof. For x,y E V and (n,7) G F let Iy{n,'s) := 1 if there exist j > 0 and 
I < i < n{y) such that Sj{y,i) = x. Otherwise, set Iy(n,7) := 0. Then by 
Definition 7, 

(7) a; is recurrent for (n, T) iff Iy{n,'s) = oo. 

y£W^ {n,s) 


®For a frog model on a transitive graph, o(x) = const representing a reference point such as 
0 for or just an arbitrary fixed vertex. In general, when V naturally splits into orbits under 
the action of some subgroup of Sym(IZ), o(x) designates a reference point for each orbit. See 
Theorem 16 and Example 18. 

'^Note that (ID) is weaker than the more common assumption that the environment viewed 
from the particle (here the extra frog) is stationary. See the proof of Theorem 5 where we have 
an example where the latter assumption is not fulfilled but (ID) is. Counterexamples 19 and 24 
show that in Theorem 13 the assumption (ID) cannot be replaced by the assumption that the 
environment is stationary w.r.t. to the canonical spatial shifts of the state space V. 
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By induction over j we see that s) = (p {W"- {0^{n, s))) for all j > 0 and, 

consequently, s) = (p {W" {dcp{n, s))). Moreover, Iy^^\n, s) = s)). 

Thus, by (7) the statement that (p{v) is recurrent for (n, s) is equivalent to 

= oo- 

‘p-''-iy)€W^(e^(n,s)) 

However, this is equivalent, again due to (7), to the recurrence of v for 9y,{n, s). □ 

Lemma 15. If (EL) and (EX) hold then for all v,y E V and j > 0, 

P[5'j+i(t;,0) =y\Tj{v,0)] > x{Sj{v,0),y) P-a.s.. 

We postpone the proof of Lemma 15 to Appendix C. 

Proof of Theorem 13. We assume that there is a m G E such that P[Ry\ > 0 since 
otherwise there is nothing to prove. We need to show that for all v E V, 

(8) pm = P[v{v) > 1, #C{v) = oo]. 

Fix V eV. Let 


(9) P[#C(p) = oo] > 0 

since (8) is trivial otherwise due to Lemma 9. We shall prove (8) in Eve steps. 

Step 1: For a.e. realization, the probability to reach a recurrent site from a fixed 
site X of the infinite cluster is positive. Define for all a; G E the random variable 

{ lit ™ 

— m TT ^i) i m > o, ^ = ^o, ^i,..., ^^ g e 

i=i 

where sup0 := 0 and HILi •= 1- Note that D{x) = 1 iff the supremum in the 
definition above is attained for m = 0, i.e. iff x is recurrent for [t], S). The random 
variable D{x) will serve as a lower bound on the probability that an extra frog 
currently located at x will ever reach a site y which is recurrent for [r], S). We shall 
show that for all a; G E such that P[ffC{x) = oo] >0, 

(10) P[D{x) > 0 I #C(a;) = cx)] = 1. 

Since P[Rv\ > 0 we have by assumption (T) that P[R-u\ > 0. Therefore, also 
PIR] > 0, where R := [j^^yRuj. Due to Lemma 14, R E X. Consequently, by 
(ERG), P[R] = 1. Hence there is a.s. a w E V for which R^ occurs and for which 
by Lemma 9, C{w) is infinite. If C{x) is infinite then by (UC) a.s. C{x) = C{w) and 
hence there is a path connecting a; to tc along which all ellipticity variables x are 
strictly positive. Multiplying these variables yields (10). 

Step 2: A modification of (10) “as seen from the extra frog” holds. More precisely, 
we shall show that 



limsup/^(^^(t;, 0)) > 0 

j^oo 


ifCiy) = oo 


1 . 


( 11 ) 


P 
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By (Xv), Xjj and {^C{x), D{x))x&v are independent and P[X^ = n] > 0. Hence, 
due to (9), P[4j^C{Xy) = cxd] > 0 and, from (10), Pv[D{Xy) > 0] = 1, where 
Py -.= P[-\ ^C{Xy) = cxd]. Therefore, since P„ by (ID), 


( 12 ) Pv[D{X,) > 0 ] = 1 . 

Dehne / : {0,1}'" x [0,1]'"' x H ^ [0,1] by 


f ((l’x)xSY) {,^x,y)x,y&/) yo) := sup 


m + 1 


m 

i=l 


m > 0,1/1,..., i/m 



Then for all a; G H, by dehnition (6), 


f\Z{x)) = sup 


^(i/m) 

m + 1 


m 

i=l 


m > 0,o(a;) = i/o,i/i, • • • ,i/m 



Replacing (pxijji) with Xi and recalling that y)x{,o{x)) = x we obtain D{x) = 
f(Z(x)). Therefore, (ID) implies that (P(S'j(X^, 0)))j>o is identically distributed 
under P^. Consequently, by continuity. 


P, 


hmsupP(S'j(X^, 0)) > 0 

L 


= lim lim P^ 

K^OO J^OO 


supP(S'j(X„,0)) > 1/K 
U>J 


> lim lim sup P^ [P(.Sj(X^,0)) > 1/K] = lim P^ [P(5'o(^i/, 0)) > 1/K] = 1 

K^oo K^oo 


due to S'o(X^,0) = Xy and (12). Therefore, P^-a.s. limsup^^oo P(S'j(X„, 0)) > 0 

because Py Py. Due to (Xv) and P[Xy = n] > 0 this implies (11). 

Step 3: The extra frog whieh starts in the infinite cluster will hit a recurrent site. 
We shall argue that 

(13) P[3j > 0 D{Sfiv, 0) = 11 #C(n) = oo] = 1. 

Dehne for P > 1, tq^k '■= —K and then recursively for m > 1, 

■= inf{j > Tm-i,K + K I P(S'j(n,0)) > 1/P}. 

Note that Tm,K is a stopping time w.r.t. the hltration (Pj(n, 0))j>o. Dehne the 
events 

A-l 

Am,K ■■= n [D < l,Wl,X < Oo} 

j=0 

Roughly speaking, on the event Am,K the extra frog from site v is at time Tm,K not 
too far from a recurrent site, but still does not reach any recurrent site within the 
next P — 1 steps. Then for all M > 0 and P > 2, 




■ M 


M-l 

(14) 

P 

Am,K 

jn=l 

= E 

m=l 
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On the event Am-i,k we have tm,k < oo and therefore D 0)) > 1/i^. 

Consequently, there is a path of length less than K which starts at Sr^ 0) and 
ends at a recurrent site and along which the product of the ellipticity variables 
is larger than 1/i^. By repeated application of Lemma 15 we conclude that the 
probability that the extra frog originating at v does not reach a recurrent site in the 
next K — 1 steps after time tm,k is at most 1 — 1/K. Hence, P [Am,k \ ^tm 0)] — 
1 — 1/K. Induction over M then yields that the expression in (14) can be estimated 
from above by (1 — 1/K)^. By letting M —)■ cxd we obtain for all K > 1, 


(15) 


P 


Am,K 


m>l 


= 0 . 


By (11) and continuity, 
P[Vj>0Zl(5,(n,0))<l I #C(n) = oo] 


= lim P 

K^oo 


Vj > 0 D{Sj{v,0)) < 1, lim sup/^(^^(n, 0)) > 1/K #C(n) 

k^oo 


= OO 


< lim inf P 

K^co 


^m,K 

ifC{v) = OO 

_m>l 



®0. 


This implies (13). 

Step 4- Adding the extra frog to a site in the infinite cluster makes that site 
recurrent. By Step 3 we have that if C{v) is inhnite then waking up the initial frogs 
at V and the extra frog at v results P-a.s. in waking up the frogs in at least one 
(random) site which is recurrent for {'r],S) and hence also recurrent for {f],S). 
This in turn causes frogs from inhnitely many distinct sites to visit Due to the 
lower bound in (EL) the same holds a.s. true for any other point in C{z) as well. 
The site v is such a point since C{z) is inhnite by Lemma 9 and therefore identical 
to C{v) due to (UC). 

To phrase this conclusion more precisely, consider for (n, s°) G F°, n = {n{x))x£V) 
■5° = fhe conhguration 

a^(n, s ) .— + 'kx=v)x&v ’ ~ ^x=v))j>Q x£v,i>^^ ^ 

which we get by adding the extra frog at v to the set of initial frogs. We have shown 
above that 


(16) P [n is recurrent for a„(?7, S^) \ fiC{v) = cxd] = 1. 

Step 5: Removing the extra frog. Consider for (n, s°) G also the conhguration 

tv{n, s ) := ^n, {sj{x,i — \x=v,i=i ))£ F, 

which we get by replacing the hrst frog at v by the extra frog at v. Observe that if 
n{v) > 1 then for all j > 0, 

(17) W, (a„(n, 5°)) C W, (n, s) U W, {tfin, s°)) , 
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where s = {sj{x, i))j>o,xGV,i>i- Indeed, each frog f at a site from the set Wj {ay{n, s°)) 
was either activated at time 0 or was woken up by some frog, its “ancestor” (if f was 
woken up by several frogs simultaneously then we pick any one as its “ancestor”). 
Following the ancestry line back to the time 0 we can identify which of the frogs 
woken up at time 0 started this ancestry line. If the line was started by the extra 
frog at V then f is located at a site in Wj (ty{n, s°)), if not then we can say that f is 
at a site from Wj (n, s). 

Therefore, by (17), if v is recurrent for ay{n, s°) and n{v) > 1, then it is recurrent 
for (n, s) or for f„(n, s). Hence, 

P[r]{v) = 0 or #C(u) < cxd] 

( 16 ) 

> P[v{v) = 0 or u is transient for ay{ri, 5'°)] 

> P [u is transient for {rj, S) and for ty{ri, P^)] 

(18) = E[P [R!^ n {v is transient for ty{T], P^)} | J-'o{v, 1)]] 

*■1^^ E [P [R'^ I Po{v, 1)] P [u is transient for ty{ri, S^) \ Po{v-, 1)]] 
E[P[R:\Po{v,l)f] > P[i 7 (u) = 0or#C(u)<oo], 
where the last inequality holds since by Lemma 9 a.s. 

(19) P[R:\ Eo{v,l)] > P[r/(^;)=Oor#C(^;)<oo|Po(^',l)] 

l{»?(t>)=0 or #C{v)<cio}- 

Therefore, the inequalities in (18) are, in fact, identities. Hence we also have P-a.s. 
equality in (19). Taking expectations yields (8). □ 

4. Examples illustrating the scope of Theorem 13 

In this section we give examples of frog processes covered by our main result. 
Theorem 13, as well as some counterexamples which demonstrate that our assump¬ 
tions are essential for the validity of the zero-one law. The examples are split into 
two groups. The hrst group concerns models where frog dynamics is a (quasi-) tran¬ 
sitive Markov chain as well as an example where our general setting goes beyond 
the chain quasi-transitivity condition. The second group discusses models where 
the underlying frog dynamics is random walk in random environment so that under 
the averaged measure the processes are not markovian. For all examples in the 
first gronp C{v) = V for all v G V, while the second group includes examples with 
degenerate environments such as random walks on the inhnite percolation cluster. 

4.1. Transitive Markov chains and more. In this subsection we assnme that 
77 ; H X H —)■ [0,1] is a stochastic matrix. Let $ be a snbgronp of Sym(H) snch 
that for all 99 G <F, 

(20) K {(p{u),(p{v)) = K{u,v) forallu,uGH. 
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For x,y eV we say that a; ~ 1 / iff there is a 99 G <h such that ^{x) = y. Since <h is 
a group, ~ is an equivalence relation. Let [x] := {y:>{x) | 99 G be the equivalence 
class of a; G also called the orbit of x. If (X„)„>o is a Markov chain with 
transition matrix K then ([X„])n> 0 ; the so-called factor chain (cf. [WoeOO, (1.31)]), 
is a Markov chain with state space V := {[a;] | a; G and transition matrix 

Ki[x],[y]) := ^iF(a;,^). 

z&[y] 


Theorem 16. Let K be irreducible, all orbits [a;], x E V, be infinite, and K have 
an invariant probability measure Jl. Assume that the frog trajectories {Sj{x,i))j>o, 
X E V, i > I, are Markov chains with common transition matrix K. Suppose that 
ri{x) and ri{y) have the same distribution whenever x ^ y and that the quantities 
ri{x), {Sj{x,i))j>o, X E V, i > 1, are independent. Then the zero-one law for 
recurrence and transience holds. 

Proof. We check the assumptions of Theorem 13. Assumption (EL) holds with 
>c{x,y) := K{x,y). Since K is irredncible, (UC) is satished as well. We set T = 00 
so that (T) holds trivially. 

For the proof of (ERG) we shall use Proposition 27 and consider the independent 
random variables H{x) := (^r]{x), (>S'j(a;, i))^.^^ j, x E V. For (p E m > 0, and 

(-Sj(f))j>o,i>i G dehne g^{m, {sj{i))j>o,i>i) := (m, (v9"^(sj(i)))j>o,i>i). Since 

ip G Sym(V), the random variables H^{x) := g^{H{(p{x)), x E V, are independent 
as well. Moreover, for all 99 G <h, a; G V, and i > I, {<p~^{Sj{(p{x),i)))j^f^ is a Markov 
chain starting at x with transition matrix K since for all y E V, 

P[ip-\Sj{ip{x),i)) = y] = P[Sj{(p{x),i)) = (p{y)] = K\cp{x),(p{y)) = K\x,y). 

Therefore, dne to independence, 

(21) {H^{x))^^y = e^{T], S) = {t], S) = {H{x))^^v, 

and hence (35). By Proposition 27 we obtain (ERG). 

To satisfy assumption (EX) let the extra frogs (S'j(n, 0))j>o, n G R, be Markov 
chains with transition matrix K which are independent of (77, S). 

For the remaining conditions let O C R be a complete set of representatives of ~ 
and o : R — )■ O be a map which assigns to a; G R its representative o{x) G [x]. For 
all a; G R choose 993 , G so that (px{o{x)) = x. We let n G R, be independent 
of (77,5°) so that P[Xx = r] = /i([r]) for all r G {n} U 0\{o(n)}. Note that the 
reqnirement P[Xx = n] > 0 is fulhlled since K is irredncible since K is so. Therefore 
(Xv) holds. 
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Finally, we shall check (ID). Fix v E V and set Py := P. Then for all measurable 
B C {0,1}'^, C C [0,1]'"', D<ZO, and all j > 0, 


P[Z {Sj{X^,0)) eBxCxD] 


xev 


'-R. 


Wx{y) 


ydV 


E B, (x {(fxiy), ^x{z)))y^,^v ^ Sj{X^, 0) = X, o(x) E D 


xev 


1r 


Wx{y) 


E B 


y&V 


Ic {{x{y,z))y^^^y\P[Sj{X^,Q) = x,o{x) E D] 


by (20) and independence of (?], S) from (X^, S'.(-, 0)). Due to Lemma 14 and (21), 
the above expression is equal to 

P 6 B] Ic {(Mv, 2))„,.ei-) P I" 0 )) e B|. 

This does not depend on j since (o(S'j(X^, 0)))j>o is a stationary Markov chain. 
Therefore, (ID) holds. Theorem 13 now yields the claim. □ 


Proof of Theorem 1. Since the frog trajectories are assumed to be transitive Markov 
chains, there is only one orbit. Thus Theorem 1 follows from Theorem 16. □ 


Example 17 (Quasi-transitive Markov chains). If in the setting of Theorem 16 
there are only hnitely many orbits, i.e. the factor chain is hnite, then there is always 
an invariant probability measure Jl. Thus the 0-1 law holds. 

We remark that in this case the Markov chain (D, K) is called quasi-transitive 
under the action of the group <h (see [WoeOO, pp. 13,14]). As a representative 
example, consider a periodic model on Z'^. Namely, set V = Z'^, £x a period 
L G N, L > 2, and let <F be the group of all shifts by vectors from LZ'^, so that 
x^yiSy — xE Ll/. Then any frog model with “independent ingredients” such 
that its frog number distributions and Markovian dynamics are compatible with the 
periodic structure (as required by Theorem 16) satisfies the 0-1 law for recurrence 
and transience. □ 


Our next example shows that the applicability of Theorem 1 goes beyond the 
quasi-transitive setting. 

Example 18 (Frogs on a comb I). Let V := Z x No and pi,p 2 > 0 such that 
Pi + P 2 < 1- Dehne for x E Z, 

A:((a;,0),(a; + 1,0)) := pi, 

K{{x,0),{x-1,0)) := I-P 1 -P 2 , 

K{{x,y),{x,y1)) := p 2 for ?/> 0, and 

K{{x,y),{x,y - 1)) := 1 - p 2 ioi y > 1. 

Let the random quantities p{v), {Sj{v,i))j>o,v G V, i > 1, be independent and 
assume that for each y > 0 the random variables p{x,y),x E Z, are identically 
distributed. Let <h be the group of shifts “along Z” of the form {x, y) i-E- {x -\- 
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k,y),k G Z. They satisfy (20). The orbits are Z x {y}, y > 0. The transition 
matrix for the factor chain is given by 

K{Zx {y},Zx [y+ 1}) = p 2 and 

K(Z X {i/},Z X {(y - 1) V 0}}) = 1-P2. 

If P 2 < 1/2 then K admits an invariant probability measnre Ji and Theorem 16 
yields the 0-1 law for recnrrence and transience. □ 

Counterexample 19 (Progs on a comb II). Ifp 2 ^ 1/2 in the setting of Example 
18 then there is no invariant probability measnre for K. We shall show that for 
P 2 > 1/2 the 0-1 law can fail. Let p{x,y), x E Z, y >l,he identically distribnted 
with E[\og_^_p{x,y)] < oo while p{x,0), x E Z, he snper heavy-tailed so that 

(22) liminf A; P[log? 7 (a;, 0) > k] > — logpi. 

/c—>-oo 

Then, on the one hand, for each x E Z the probability, given p, of the event that 
all frogs S{{x,y),i),y >0, 1 < i < p{x,y), stay forever on the tooth {x} x Nq is 
bonnded from below by 



for snitable constants 0 < a < 1 and C 2 > 0. By Lemma 29 {d = 1) the right hand 
side of (23) is strictly positive. Note that on this event no site of the tooth {x} x Nq 
can be visited inhnitely many times (otherwise, by the ellipticity, the process wonld 
not stay on the tooth). Since x was arbitrary, P[Rv] < P[r]{v) > 1] for all v E V. 

On the other hand, P[Rv] > 0 for all v E V. To show this, let Zji, n > 0, be the 
nnmber of active or just woken up frogs at site (n, 0) at time n if at time 0 we wake 
up all initial frogs at (0,0). As long as it is strictly positive, (Zn)n>o evolves like a 
branching process with offspring distribution Bernoulli(pi) and p(n,0) immigrants 
at each time n. By [Baul3, Theorem 2.2] and (22) such Markov chain is transient. 
Hence P[Vn > 0 : > 0] > 0. Consequently, waking up the frogs at (0, 0) results 

with positive probability in waking up the frogs at all sites (n, 0),n > 0. Any frog 
originating at (n, 0),n > 0, visits (0, 0) after n steps with probability (1 —pi — P 2 )"'- 
Moreover, since (22) implies P[log_,_ p{x, y)] = oo we obtain from Lemma 29 {d = 1) 
that P-a.s. X^„(l — Pi — P 2 )"'h(^) 0) diverges. Therefore, by the second part of 
the Borel-Cantelli lemma P[-1 ? 7 ]-a.s. (and hence also P-a.s.) inhnitely many frogs 
originating at (n, 0), n > 0, would visit (0, 0) in the shortest possible time, if woken 
up. We conclude that P[P(o,o)] > 0 and therefore, by ellipticity, P[P„] > 0 for all 
vEV. ’ □ 

Problem 20. Study the recurrence and transience of the above frog model on the 
comb for p 2 < 1/2. 

Counterexample 21 (Not identically distributed frog numbers on Z*^). 

[PopOl, Theorem 1.3 (ii)] provides examples where the frogs perform independent 



16 


ELENA KOSYGINA AND MARTIN RW. ZERNER 


simple symmetric random walks on d > 3, and the 0-1 law fails. In these 

examples, all the assumptions of Theorem 1 are satished except that is 

not identically distributed. 

4.2. Random walk in random environment (RWRE). In this subsection we 
consider frogs which jump as independent random walks in a common random 
environment onV = 1/ for some d>l. Fix(i>l and let 

n ;= G [0, | Vt G ^ T^{x,y) = l} 

be the set of all stochastic matrices on Z'^. We endow 11 with the standard Borel 
(j-£eld i3(n). An element vr G 11 is called a random walk environment A time 
homogeneous Markov chain on Z'^ with transition matrix tt is called a random walk 
in the environment tt. For the following we need some more notation. 

For all z E 1^'^ we define by ^zix) := x + z the shift ifz by ^ on This shift 
can also be applied to families of the form / = (/(a;))a,g 2 <i and g = {g{x,y))x^y^xd 
by (fzif) ■■= (fix + and ifzig) ■■= (gix + z,y + z))^^yfzzd, respectively. It 

can also be applied to finite sequences F = (/i,..., /„) of such families by setting 
(Pz{F) := {(pzifi), ■ ■ ■ ,‘^z{fn))- Moreover, such F is called ergodie w.r.t. the shifts 
on 1/ if P[A\ G {0,1} for all events A for which there is a measurable set B such 

that A = {ipz:{F) G B} for all G Z'^. 

The random walk environment viewed from the particle is a Markov chain with 
state space 11 and transition kernel K defined by 

(24) iF(7r, B) := ^ 7r(0, z)1b (<^.(7 r)), vr G H, R G 13{U). 

zezd 

Note that if {Sj)j>o is a random walk in the environment tt starting at 0, then 
{ipSj{7^))j>o is a Markov chain on 11 with kernel K starting from tt. 

For our general result below we need to augment the random walk environment 
with the numbers of initial frogs at each site. Therefore, we consider II ;= Nq”* x II, 
endow it with its standard Borel cr-field B{J1) and call its elements tt = (n, tt) = 
{{n{x))x^j^d^{Ti{x^y))x^y(zzd) augmented environments. The augmented environment 
viewed from the particle is a Markov chain with state space II and transition kernel 
K defined by 

B) ■= 7r(0, z)1b {^z{t^)) , TT = (n, tt) G n, R G R(II). 

zeJA 

As above, if tt = (n, tt) G n and {Sj)j>o is a random walk in the environment n 
starting at 0, then 

(25) {‘fSj{^))j>o is a Markov chain on fl with kernel K starting from tt. 

Theorem 22 (RWRE). Suppose that the family h = {>c{x,y))x^y^id of ellipticity 
variables takes values in II and satisfies (UC) with R[#C(0) = cxd] > 0. Assume 
that K := {{ri{x))x^zd, >i) is stationary and ergodie w.r.t. the shifts on lA. Suppose 
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that given k, the sequenees {Sj{x,i))j>o,x G i > I, are independent Markov 
ehains with eommon transition matrix x. Finally, assume that there is a probability 
measure P on Yl whieh is invariant w.r.t. K and equivalent to the distribution of 
K under P[ - \ ffCif )) = cxd]. Then the zero-one law for reeurrenee and transience 
holds. 

Proof. We check the assumptions of Theorem 13. (EL) is fulhlled by construction. 
We let T = cxD and := v for all u G so that (T) and (Xv) trivially hold. Denote 
by the set of all probability measures on T/. Choose / ; A4(Z^) x [0,1] —)■ 

such that for all fi G Ai{Z'^) and all random variables X which are uniformly 
distributed on [0,1], f{fj,,X) has distribution fi. Then we may assume without loss 
of generality that for all i,j>0,xE 

(26) Sj+i{x, i) = Sj{x, i) + f ({x {Sj{x, i), Sj{x, i) + y))y^j^i , Uj{x, f)) , 

where Uj{x,i), i,j>0, a; G Z'^, are independent and uniformly distributed on [0,1] 
and independent of x. Note that (EX) holds. 

We are left to check (ERG) and (ID). For a; G Z'^ let o(a;) := 0 G Z'^ and 
U{x) := Set U := {U{x)U^,. Since U is i.i.d. and independent 

of X, {U, x) is stationary and ergodic® w.r.t. the shifts on Z^. Moreover, there is a 
deterministic measurable function gi such that for all x G Z*^, 

(27) 6»^,(77, S) = {Sj{x + z,i) - x)j>o,xezd,i>i) = Qi {Tz{U, x)) . 

Indeed, £x i > 1 and x,z E Z'^ and abbreviate Aj := Sj{x z,i) — z for all j > 0. 
Then due to (26) for all j > 0, 

~ T f ((x (Aj P z, Aj P y P z))y(zz<i, Uj(x + x, i)J . 

It follows by induction over j that Aj is a function of j,x,i and (pz(P,x). This 
implies (27). Thus, (ERG) follows from the ergodicity of (P, x). 

For the proof of (ID) it suffices due to stationarity to consider the case u = 0. We 
construct the measure Pq on (k},P) as follows. Set P := P[- | #C(0) = cxd]. By the 
Radon-Nikodym theorem there is a strictly positive density h := dP/dP^ : n —?■ 
(0, cxd), where P^ denotes the distribution of x under P. Define Po[R] := E [h(x)] A] 
for all R G P and note that 

(28) the distribution of x under Pq is P. 

As required, Pq and P are equivalent. 

Observe that the environment viewed from x G Z*^ as defined in (6) can be written 
as Z(z) = {^{'^Rx+z')x&'L'i ’ Tz(x^)j oj . Therefore, there is due to Lemma 14 and (27) a 

deterministic function g 2 such that Z(z) = g 2 (Pz(U, x)) for all x G Z'^. Abbreviate 
Sj := Sj(0,0). We need to show that the distribution of Z(Sj) = g2((pSj(U, x)) = 
92 (pSj(U), ipSj(P)) under Pq does not depend on j. Note that U, U(0, 0), and x are 

®The proof is similar to the one of (4) ^ (5) in [Pet83, Theorem 6.1, p. 65]. 
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independent under P and hence also under Pq. Moreover, U is stationary under P 
and so it is under Pq. Since Sj is measurable w.r.t. (T(t/(0,0), x), this implies that 
Z{Sj) has the same distribution under Pq as g 2 {U, Therefore and again by 

independence it suffices to show that {(pSj{^))j>o is stationary under Pq. This is 
the case due to (25), (28) and the invariance of P w.r.t. K. Consequently, (ID) is 
fulhlled and Theorem 13 yields the claim. □ 


Proof of Theorem 2. The theorem trivially holds if P[ffCfS) = cx)] = 0. Therefore, 
we assume that P[ffC{f)) = cxd] > 0. Since {ri{x))^^zd is i.i.d. and independent of 
the conductances and of the frog trajectories, x is stationary and ergodic®. We only 
need to produce an invariant measure P which is equivalent to P^, the distribution 
of X under P := P[- | #C(0) = cxd]. First, dehne 

P[g(0);{xeP}n{#C(0) = oo}] 


Q[B] := 


P[g(0);#C(0) = oo] 


B G B{U). 


Then Q is equivalent to P^ since g(0) > 0 on the event {#C(0) = cxd}. Moreover, 
Q is invariant for K dehned in (24) due to the following variation of a standard 
argument, cf. [Bisll, Lemma 2.1]. For every bounded measurable function / ; 11 —> 
M we have by stationarity of the conductances 


P[g(0);#C(0) 



oo 


= ^[c({-e,0})/(x);#C(-e) = CX)] = ^ P [c({e, 0})/(x); #C(e) = cx] 

INIi=i lldli=i 


= ^[c({0>e})/(x);{#C(e) = x}n{c({0,e}) > 0}] 

lldli=i 

= ^ [c({0>e})/(x);#C(0) = x] = P[g(0);#C(0) = x] 

||e||i = l 


[ /(tt) dQ{n). 
Ju 


Denote by P^^ the distribution of rj under P. Then P := Prj ® Q is invariant w.r.t. 
K and equivalent to P^. The claim now follows from Theorem 22. □ 


Example 23 (RW in i.i.d. environment). There are several examples of RWRE 
known in which the random environment + ■))xez<i is i.i.d. and for which 

there is a measure Q on IT that is invariant w.r.t. K dehned in (24) and absolutely 
continuous w.r.t. P^, see e.g. [BS02a] and the references mentioned therein after 
(0.12) and in the introduction of [Sabl3]. For more recent results see, e.g. [Sabl3, 
Theorem l(i)] and [BCR14]. In these cases the environment is elliptic, i.e. M:{x,y) > 
0 a.s. for all nearest neighbors x,y such that C(0) = Z^. It has been noticed, 
e.g. in [Sabl3, Lemma 4], see also [BS02b, Lecture 1, Theorem 1.2], that such 
Q is automatically equivalent to P^. Also in the case of balanced and possibly 


®See the previous footnote. 
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non-elliptic environments considered in [BD14] there exists such an equivalent Q 
provided that there is at least one direction Cj G such that >c{x, x + ei) >0 a.s. 
for all X [Berl6]. 

In all these cases, if we choose {i]{x))x(zzd i.i.d. and independently of x, then, 
as in the proof of Theorem 2, the measure Q can be augmented to a probability 
measure which is invariant w.r.t. K so that Theorem 22 is applicable. □ 

Counterexample 24 (RWRE dynamics, (ID) is not satisfied). This example 
shows that in Theorem 22 the requirement of the existence of an invariant prob¬ 
ability measure P cannot be dropped. In [BZZ06], a B-valued environment x on 
Z*^, d > 3, is constructed which is stationary and ergodic w.r.t. the shifts on and 
also uniformly elliptic^*^, but for which the corresponding RWRE {Xj)j>Q starting 
at 0 disobeys the so-called 0-1 law for directional transience. (For d = 2 such an 
example is constructed in [HeilS]. For a simpler, but not uniformly elliptic example 
see [ZMOl, Section 3].) In particular, there are {0,1, 2}-valued random variables 
N{x), X G Z*^, such that {>c,N) is stationary and ergodic w.r.t. the shifts and 

(29) P[N{Xj) = i for all j > 0] > 0 

for i = 1, 2 (see the proof of [BZZ06, Theorem 3] on page 847). Now let (j]{x))^^zd 
be i.i.d. and independent of such that i7[log_,_(?7(0))] = oo. Set ri{x) := 

rj{x)lisf(^x)=i- The 0-1 law for recurrence and transience fails in this case. 

Indeed, on the one hand if 77 ( 0 ) > 1 and if the hrst frog woken up at 0 stays 
forever in the set {x\ N{x) = 1} then it will wake up for each m > 1 at least an 
independent 7/(0)-distributed number of frogs at t'l-distance m from 0. Each such 
frog has a chance of at least to reach the origin. Lemma 29 {d = 1) and the 
Borel-Cantelli lemma then imply P[Ro\ > P[ri{0) > l,Vj > 0 : N{Sj{0,l)) = 1], 
which is strictly positive due to (29) for i = 1. 

On the other hand, P[Ro] < P[r]{0) > 1]. Indeed, there is a.s. a hnite nearest- 
neighbor path from 0 to a site v with N{v) = 2. If iV(0) <2 and if we wake up the 
frogs at 0 then with positive probability they and all the frogs woken up by them 
will follow this path to v and then stay forever within {x : N{x) = 2} without ever 
returning to 0 due to (29) for i = 2. □ 

5. Recurrence and transience of some inhomogeneous frog models 

ON Z*^ 

Proof of Theorem 5. We generate the trajectories ( 5 'j(a;, i))j>o, x G Z*^, i > 0, in 
the following way. Enumerate the 2d unit vectors of Z'^ as Ci,..., 62 ^. Let Uj{x, i), 
j >0,x E Z'^, 7 > 0 , be i.i.d. random variables, each one uniformly distributed on 
[0,1]. Since for each x E and i >1, {{Sk{x,i))o<k<j)j>o is a Markov chain (with 
state space ^^7 assume without loss of generality that there are 

functions fj^x,i '■ x [0,1] — )■ Z'^, j > 0,a; G Z*^, i > 1, such that 

there is an £ > 0 such that y) > e P-.a.s. for all nearest neighbors x,y eIT- 
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and fj,x,i{{xk)o<k<j,u) = Xj + if m G [{m — l)e,me) for some m G {1,..., 2d}. 
We define the extra frogs by setting for x G j > 0, 


0) . fj,x,l 0))o<fc<R Uj{x.i 0)) . 


Let T{x,i) := inf{j > 0 : Uj{x,i) > 2de}, x G i > 1. Then the random 
variables T{x,i), x G Z'^, i > 1 are independent and geometrically distributed with 
parameter 1 — 2de. Finally, define for all x,y,v E Z'^, o{x) := 0 G Z'^, := v, and 

set >c{x,y) := e if ||a; — y\\i= 1 and >c{x,y) := 0 otherwise. 

We claim that this collection of random variables satishes the assumptions of 
Theorem 13. It is obvious that the assumptions (EL), (UC), (EX) and (Xv) hold. 
As in the proof of Theorem 16, Assumption (ERG) is satished since the walks 
{Sj{x,i))j>o, X G Z'^, i > I, are independent, simple symmetric random walks on 
Z'^ which are stopped after the i.i.d. times T{x,i). For the same reason {Z{x))x(zzd 
is stationary. Moreover, is independent of the extra frogs. Hence (ID) 

holds (even though the environment viewed from the extra frog is not stationary in 
general). Assumption (T) is satished since P[Rv] = P[^] for all n G R and 


(30) 


P[Ro] > 0 


as we shall show below. 

Therefore, Theorem 13 applies. Since P[Rv] > P[Rv] > 0 due to (30), we obtain 
P[Rv] = P[f]{v) > 1], i.e. the claim of Theorem 5. 

It remains to show (30). To this end we shall hrst show that if the frogs at 0 
are woken up and all the woken up frogs are stopped after their respective times 
T{x, i), it happens with positive probability that every site is eventually visited, i.e. 


(31) 


P [W^{v,S) = lf\ > 0. 


For X E and r > 0 let B{x,r) := [y eU^ |||/— a;||i< r} and dB{x,r) : = 
{y G Z'^ : \\y — a;||i= r} be the ball and sphere, respectively, with center x and 
radius r. Then 

P [W^T], S) = Z'^] = P [Vr > 1 : P(0, r) C ^)] = JJ(1 - a^), where 

r>l 

ttr := P[dB{0,r) ^W^{y,S)\B{0,r -1) CW^{y,S)] . 
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Note that < 1. Therefore, the above product does not vanish iff the sequence 
{ar)r>i is summable. We estimate 

ar < P[y^W\v:S)\BiO,r-l)CW\v:S)] 

yGdB{0,r) 

< P[y ^ {Sj{z,i) ■■ j >0,Z e B{y,r)nB{0,r-1),1 <i <ri{z)}] 

y€dB{0,r) 

= n E[P[y^{Sjiz,i):j>0,l<i<viz)}\7]{z)]] 

yedB{0,r) z£B{y,r)nB{0,r—l) 

s E If n B[(i-e‘)’'<q 

y£dB{0,r) k=l z£dB{y,k)nB(0,r—1) 

k=l k=l 

where Csi^d) < oo and c^i^d) > 0 are constants such that 4^dB{0,r) < and 

i^dB{y,k) n 5(0, r — 1) > 04 / 1 '^“^ for all 1 < /c < r and y G <95(0, r) and where 
99 (t) := denotes the Laplace transform of 77 ( 0 ) at t > 0. It is well-known 

that 5 [ 77 ( 0 ) > t~^] < 2(1 — <p(t)) for all t > 0, see, e.g. [Kal02, Lemma 5.1 (3)]. 
Therefore, it suffices to show that 


br < 00 where br := c^r'^ ^ 11 P[vi^) > ^ 

r>l k=l 

We are going to apply Raabe’s criterion. Due to (1) we have for large r. 


r 



< r 1 


d-l 


Cl 


111 d — 1 
= r 1 H-h o 


2(r -I- l)‘^(loge“^)^ 
CiC 5 (ci,e 


C4(r+lY 


= r 


d — 1 C 1 C 5 


r r -|- 1 


- o (r-‘)^ 


r + 1 
■d-l - C1C5, 


+ o{r 1 )^ - 1 ^ 


which is less than —1 for ci sufficiently large. Consequently, and are 

hnite and (31) follows. 

Having proven (31), we obtain (30) if we show that waking up all initial frogs on 
if causes a.s. inhnitely many of them to visit 0 before they are stopped. Dehne the 
independent events A{xf) := {3j > 0 : Sj{x,i) = O} , a; G Z*^, i > 1, and observe 
that P[A{x,i) 1 77 ] = P[A{x,i)] > a.s. for all x,i. Moreover, (1) implies (2). 
Therefore, a.s. 


P[H(a;,i) I77] > ^ 77(0;) = 00 

x£Z'^ ,l<i<ri(x) r>0 |p||i='i’ 
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due to Lemma 29. By the second part of the Borel-Cantelli lemma P[ - | p]-a.s. 
inhnitely many of the events A{x,i),x G Z‘^,1 < i < ri{x), occur. Consequently, 
P-a.s. inhnitely many of the events A{x) := Ai<ri{x)^{.x,i) occur. This proves (30) 
and concludes the proof of the theorem for d >2. 

For the hnal claim regarding d = 1 note that in this case every frog trajectory 
starting at 0 is a.s. inhnite and therefore covers a.s. N or —N. Conseqnently, waking 
np a frog at 0 results a.s. in waking np all frogs on N or —N. As above, this implies 
dne to P[log_,_ ^^(O)] = oo that inhnitely many frogs visit 0. □ 

Problem 25. Does Theorem 5 still hold true if we replace the tail condition (1) 
by the weaker moment condition (2)? 

If the answer to Problem 25 were positive then condition (2) in Theorem 5 would 
be sharp as the following result shows. 


Proposition 26. Let d> 1, {j}{x))^^id he identically distributed, and 
(32) P[(log+p(0))"] <oo. 


Suppose that K is a stochastic matrix on for which there exist M G N and 
S G (0, M] such that K{x, y) = 0 if ||a; — |/||i> M and 


(33) 


K{x,y)y 


> ||a;||i+(5 


for all X G 


Assume that the frogs S.{x,i), x G Z'^, i > I, evolve as Markov chains with transi¬ 
tion matrix K starting at x. Moreover, let the guantities rj^x), S.{x,i), x G Z^, i > 
1, be independent. Then waking up all the initial frogs on results a.s. only in 
finitely many visits to 0. In particular, 0 is a.s. transient. 

Proof. Let A{x, i) := {3j > 0 : Sj{x, i) = 0} for x G Z'^, i > 1. Then for every a > 1 


(34) P[A{x,i)] < = 0] = > 1] < 

i>o i>o j>o 

For a > 1 let ® ^ be the linear fnnction whose graph passes throngh 
(— M, a^) and (M, a“^). By convexity, < ia{s) for all s G [—M, M]. Note 
that ia{s) < 1 for all s > Xa ■= M{a^ — l)(a^ + 1)“^ and that Tq \ 0 as a \ 1. 
Therefore, given S as in (33), there is an a > 1 snch that £a(d) < 1. Choose such 
an a. Then for any Markov chain (Sj)j>o with transition matrix K and So = x, 

< E [P[4(||S',||i-|| Villi) I 

( 33 ) „ „ „ „ 

< < (4(<5))'a-ll"lli 
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by induction over j. Consequently, there is due to (34) a constant cq such that a.s. 
P[A{x,i)] < for all x,i- Therefore, by independence, a.s. 

P[A{x,i)\v]= Y P[A{x,i)] < cgY(^~'' ^ < oo 

,l<i<r}{x) x£ 7^^ ,l<i<r)(x) r>0 ||a;||j=r 

due to Lemma 29 and (32). By the Borel-Cantelli lemma P[ - \ ? 7 ]-a.s. only hnitely 
many of the events A{x, i),x E \ <i < fjix), occur. This implies the claim. □ 

Note that Theorem 5 and Proposition 26 resemble Theorems 1.12 and 1.10 in 
[AMP02] respectively. In [AMP02] frogs have hnite, geometric life times. 


Appendix A. Discussion of Conjecture 2 from [GS09] 

Conjecture 2 in [GS09] states that a frog model on a vertex transitive graph 
G = (C, E) such that the frog numbers ri{x), x E V \ {o}, are i.i.d., there is exactly 
one active frog at o at time 0 , and the frog dynamics are given by independent 
homogeneous random walks satishes the following zero-one law for recurrence and 
transience: either with probability one o is visited inhnitely often or with probability 
one o is visited only hnitely many times. 

If all f]{x), X E V, were i.i.d. and the notions of recurrence and transience were 
dehned as in Dehnition 7 then Theorem 1 would simply cover this conjecture, since 
a homogeneous walk on a vertex transitive graph is a transitive Markov chain. 
However, also the original conjecture follows from Theorem 1 as we shall show now. 

Assume without loss of generality that P[ri{x) > 1] > 0 (t 7 ^ o) and that the 
Markov chain for the individual frog dynamics in the [GS09] model is transient. 
Use the same ingredients in Theorem 1. Denote by Ry the event that v is recurrent 
according to Dehnition 7. Suppose that the conclusion of Theorem 1 is that P[Rv] = 
0 for all V E V. Then P[Ro \ ri{o) > 1] = 0. By monotonicity in the initial number 
of frogs, the fact that the number of frogs at each site is hnite, and the assumed 
transience of the individual frog dynamics, the probability that o is visited inhnitely 
many times (by any frog) starting with a single frog at o is equal to 0 as well. 

Suppose now that the conclusion of Theorem 1 is that P[Rv] = P[r]{v) > 1 ] for 
all V E V. It follows that for every m E N such that P[r]{o) = m] > 0 we have 
P[Ro 1 77 ( 0 ) = m] = 1. Let M := min{m E N : P[r]{o) = m] > 0}. If M = 1 
then the proof of the conjecture is complete. Suppose M > 1 . We claim that if 
we follow, say, the hrst one of these M frogs and let the rest M — 1 frogs remain 
inactive forever then o will still be recurrent with probability one. The argument 
follows closely the procedure of removing the extra frog in the proof of Theorem 13 
after (16). Set Pm[-] ■= -P[-|? 7 (o) = M] and denote by (n, s)^*\ i E { 1 ,...,M}, 
the frog conhguration which is obtained from (n, s) by making all but the Ath frog 
at site o inactive. Note that as in (17) if o is recurrent for (n, s) then o is recurrent 
for at least one of {n,sY^\ i E {1,..., M}. Denote by Q the a-algebra generated by 
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{ri{x), S{x, i)), X E V^\{o}, i > 1. Then by the above observation and independence 


0 


Pm[RI] > Pm is transient for ( 77 , 6 ')^*^}] 

Em \Pm [n^^{o is transient for ( 77 , 


E 


M 


{^Pm o is transient for ( 77 , 


M' 


This gives that Pm \o is transient for ( 77 , ^] = 0 Pm-^-.s., and after integration 

we obtain that Pm[o is transient for ( 77 , 6 ')^^^] = 0 . The proof of the conjecture is 
now complete. 


Appendix B. Technical results 

The following result generalizes [LP, Proposition 7.3]. 

Proposition 27 (i.i.d. ^ ergodic). Let V be a countably infinite set and <h C 
Sym(P) be closed under composition and such that all orbits <ha; := \ ip G 

X E V, are infinite. Let H{x), x E V, be independent random variables with 
values in some measurable space (S, 5) and P = a{H{x), x E V). For each p E ^ 
let ^ E) be a measurable map and define H^{x) := g^{P[{p{x))), x E V. 

Finally suppose that 

(35) {H^fix))^^v = {H^fix))^i.v 

Then for all A E I := E P \ 3B E Vp E ^ : A= {{H^{x))^^y E 5}| we 
have that P[A] E {0,1}. 

For the proof we shall need the following fact. 

Lemma 28. Let V and <h satisfy the assumptions of Proposition 21. Then for each 
pair of finite subsets F and J of V there is a p E ^ such that <p[F] fl J = 0. 

Proof. We use induction over k, the number of elements in F. The case k = 0 is 
trivial. Assume as induction hypothesis that the statement has been shown for some 
k > 0 and let F C P have exactly k + 1 elements. The proof is by contradiction. 
Suppose that J G V satisfies 

(36) tIP] n J 7 ^ 0 for all 79 G <h. 

Let (Tn)n>i enumerate V, set := JU {ui,..., Vn} for all n > 1, and choose v E F. 
Then F' := F\{t} has exactly k elements. By the induction hypothesis for each 
74 > 1 there is a G "h such that 

(37) Pn[F']nJn = ^ 

and, therefore, also Pn[F'] H J = 0. Then Pn{v) E J for all 74 > 1 due to (36). Since 
J is hnite, by the pigeon hole principle there is a m G J such that Pn{v) = u for 
inhnitely many 74 > 1. Since is inhnite, there is a 7 /’ G <h such that fiiu) ^ J. 
Choose 74 large enough so that C and pn{v) = u. Set p := o p^ E 
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Then Lp{v) = = il){u) ^ J and, by (37), (p[F'] = il)[(pn[F']] C = 

'^[JnY ^ Thus ^[F] C and we get a contradiction with (36). □ 

Proof of Proposition 2,1. Let {vn)n>i be an arbitrary enumeration of V. Fix A eF 
and let i? be a measurable set such that A = E for all Set 

J^nip) ■= O' (i7^(nfc); 1 < k <n) and Zn{p) := P[A \ Fn{p)] for all 99 G $ and n > 1. 
Fix e > 0 and (p E By Levy’s 0-1 law, Zn(p) converges in to 1^ as n —)■ 00 . 
Hence there is an n > 1 such that 

(38) E[\Z^{p)-lA\]<e/2. 

Set V := {vk : k < n}. By Lemma 28 there is a ^ 9 ' G $ such that 

(39) V np'[V'] = tt). 

We claim that the distribution of (1^, Zn{p)) is the same for all 99 G <h. Indeed, a.s. 
(1a, Zn{p)) ={1 b{{H^{x))^(.v), E[1b{{H^{x))^(zv) I H^{vk), l<k<n]) 

=U{H^{x)Uv) 

for some measurable function /„ : —)■ {0,1} x [0,1] which does not depend on p 

due to (35). The claim follows by another application of (35). Therefore, by (38) 

(40) E[\Znipo(p’)-lA\]<e/2. 

Consequently, 

\P[A] - P[A]^\ = \E [{1a - Zn{p) + Zn{p)) 1a] - P[Af\ 

< E [\1a - Zn{p)\ 1 a] + 1^ [Zn{p) ((1a - Zn{p O p')) + Zn{p O p'))] - P[Af\ 

< E [|1a - Zn{p)\] + E [\Zn{p)\\lA - Zn{p O p')\] + \E [Zn{p)Zn{p O p')] - P[Af 

Due to (38), the first summand in the line above is less than or equal to e/2. The 
same holds for the second term due to \Zn{p)\< 1 a.s. and (40). And the last 
summand vanishes since Zn(p) and Zn(p o ip') are independent because En{p) and 
En{p o p') are independent due to (39). Letting e \ 0 proves the claim. □ 

Lemma 29. Let d G N, 0 < c < cx), and 0 < a < 1. Assume that {Yi^ri)i,n>ei is an 
i.i.d. family of non-negative random variables. Then a.s., 

^ Yi^n < 00 . 

n>0 i=0 

For d = 1, this lemma is well-known, see [Luk75, Theorem 5.4.1] or [Bil95, 
Exercise 22.10]. For d > 1 it follows from [Zer02, Theorem 2], see [Baul4, Lemma 
2.2] for details and note that by Kolmogorov’s 0-1 law the double sum in (41) 
converges with probability 0 or 1. 


(41) 


E 


(log+Ko,o)' 


< CXD 


^jf 
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Appendix C. Adding extra frogs 

Lemma 30. Let be a probability space, (X, A) a measurable space and 

S a Polish space with Borel a-field S. Suppose A° : —)■ X and —)■ § are 

measurable. Then there is a probability space (f2, P, P) and measurable maps X, Y, 
and Z on (f2, X) such that 

(a) = {X,Y) and 

(b) Y and Z are i.i.d. given X. 

Proof. There is a probability kernel fi : XXiS —)■ [0,1] such that for all B E S, P°-a.s. 
P0[F0 e P I A°] = p{Xfi B) (see, e.g. [Kal02, Theorem 6.3]). Let := X x § x S, 
P be the product a-held on hi, denote by P° the expectation operator w.r.t. P^, 
and dehne for A G A and B,C E S, 

P[AxBx P] := P° [fi{Xfi B) /i(A°, Cfi X° E A] . 

By [Bil95, Theorem 11.3], P can be extended to a probability measure on P. We 
let (A, Y, Z) be the identity on hi. Then (a) follows from our choice of p. Moreover, 

it follows from X^ = X that P-a.s., P[Y E B,Z E C\X] = p{X, B)p{X, C). This 
implies (b). □ 

Lemma 31 (Coupling). Let V be countably infinite and suppose that U and S 
are Polish spaces with Borel a-fields U and S, respectively. Assume that for each 
V eV there is a probability space (hl^,, Py, P^), and random variables Py : fly —)■ U 
and Xy : fly ^ § such that Py, v E V, are identically distributed. 

Then there is a probability space (hi, P, P) and random variables P : hi —)■ U and 
Ey : fl ^ E>, V E V , on it such that 

(42) (P, Py) = (Py, Xy) fOU dl VEV. 

Proof. For all / C P dehne the product measurable space (r2/,P/) ;= (U,P) (8) 
(S, iS)®^. Choose (fl,P) := (h2y,Py) and let (P, (Py)ygy) be the identity on Q. 
Denote by u the common distribution of Py, v E V. For each v E V there is a 
probability kernel /iy : U x 5 —)■ [0,1] such that for all B E S, Py-a.s. piy{Uy,B) = 
Py[Xy E B I Py]. For hnite I YV and A ELl,By E S we set 

Pj AxY\_By := / Y\_Tv{x,By) du{x). 
v<=I J v&l 

This dehnes a projective family of probability measures P/ on We choose 

P as its projective limit, see, e.g. [Kal02, Theorem 6.14]. Then (42) follows from 
the construction. □ 

Corollary 32. Let V be countably infinite and let W and S be Polish spaces with 
Borel a-fields W and S, respectively. Suppose we are given a probability space 
(12°, P°, P°) and random variables : 12° —)■ W and Py : 12° —)■ S for each v eV. 

Then there is a probability space (12, P, P) and random variables lA : 12 —)■ W 
and Fy, Ey : fl ^ E), V E V, such that 
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(a) (1^0, (F0),ey) = {F^)xev) and 

(b) for all V eV, and Ey are i.i.d. given (W,Fy), where Fy := {Fx)xev\{v}- 

Proof. Fix V E V. Endow X := W x with its product a-field X. Then 

:= (hF°,F°) : —)■ X is measurable. Set := and apply Lemma 30 to 

these quantities. Since we hxed n, the outcome may depend on n, which we indicate 
by a subscript v. Hence we get from Lemma 30 for every v eV a. probability space 
{fly, Fy, Py) aud measurabE maps Xy,Yy, and Zy on such that 

(a') (H^“, (F,»),ev) = (A'»,F») i (A„,y„) and 
(b') Yy and Zy are i.i.d. given Xy. 

Now we set U := W x S'^, denote by U the product a-held on U and interpret 
Uy := {Xy,Yy) US ruudom variable on with values in U. By (a') the Uy,v E V, 
are identically distributed. Therefore, Lemma 31 can be applied and yields random 
variables P =: (W, (Fx)xev) and Fy,v E V, on some probability space (fl,F,P) 

such that by (42), ((IV, Fy), Fy, FyJ = (Xy,Yy,Zy). Therefore, (a) follows from (a') 
and (b) from (b'). □ 

Proof of Remark 12. We apply Corollary 32 to := (x, T, rj, {S.{-, i))i> 2 ) and the 
Erst frogs := S.{v,l),v E V, and obtain a new probability space and random 
variables (W, {Fx)xev, {Ex)xev) op h, which satisfy (a) and (b). The trajectory of 
the extra frog at n G H is defined by S'.(n,0) := Ey. Statement (b) then means 
(EX). □ 

Proof of Lemma 15. Fix v E V, set Wy := {M,T,r], {S.{x,i))xev,i>i+u=J, Fy ■ = 
S.{v, 1), Ey := S'.(n,0), and let / be a measurable function on First, we show 
that for all measurable sets C C 

(43) P[Ey EC\Wy, Fy, f{Ey)] = P[Ey G C | IF,, f{Ey)] P-^.S.. 

For (43) it suffices to check that for sets G of the form {Wy E A,Fy E B, f{Ey) E 
D}, where A, B, and D are measurable sets in appropriate spaces, we have 

(44) P [{Ey EC}nG] = E [P[Ey G C I IF,, /(E„)]; G] . 

The right-hand side of (44) is equal to 

E[P[Ey eg n f-\D) I fF„, f{Ey)y,Fy EB,WyE H] 

=E [E [P[Ey eg n f-\D) I fF„, f{Ey)\,Fy EB,WyEA\ fF„, f{Ey)W 
=E [P[Ey G G n f-\D) I fF„, f{Ey)] P[FyEB\ IF,, f{Ey)] ; fF„ G H] . 

It follows from independence in (EX) and [Kal02, Proposition 6.6] that a.s. P[Fy E 
B I Wy, f{Ey)] = P[Fy E B \ Wy] . Usiug tffis fact and conditioning on Wy inside the 
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above expectation we get that the last expression above is equal to 

E[P[E,eCn f-\D) I th-,] P[E,eB\ ly,]; IV, e A] 

[P [E, eB,E,eCn f-\D) \ ; IV, e A] 

=P[W, eA,E,eB,E,eCn 

which is the same as the left-hand side of (44). This proves (43). 

Now let j > 0 and y eV. Applying (43) to f{{sk)k>o) ■= {sk)o<k<j and {E^ e 
C} = {5'j+i(n,0) = y} and subtracting x(S'j(n, 0), ?/) from both sides we obtain 

P[5'j+i(n,0) = y\Ej{v,Q)] - x{Sj{v,Q),y) 

= P[5'j+i(n,0) = y I o■(Po(^', 1) U o-(S'fc(T, 0); 0 <k< j))] - M:{Sj{v,0),y) 

rl (EL) 

= P[Sj+i{v,l) = y\Ej{v,l)] - x{Sj{v,l),y) > 0 a.s. 

since (ffA, P„, Ey) = {Wy, Ey, Ey) due to (EX). The claim of the lemma follows. □ 
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